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Abstract The force network ensemble is one of the most
promising statistical descriptions of granular media, with an
entropy accounting for all force configurations at mechanical
equilibrium consistent with some external stress. It is possible
to define a temperature-like parameter, the angoricity α−1,
which under isotropic compression is a scalar variable. This
ensemble is frequently studied on whole packings of grains;
however, previous works have shown that spatial correlations
can be neglected in many cases, opening the door to studies
on a single grain. Our work develops a Monte Carlo method
to sample the force ensemble on a single grain at constant
angoricity on two and three-dimensional mono-disperse gran-
ular systems, both with or without static friction. The results
show that, despite the steric exclusions and the constrictions
of Coulomb’s limit and repulsive normal forces, the pressure
per grain always show a gamma distribution with scale pa-
rameter ν = α−1 and shape parameter k close to k′, the
number of degrees of freedom in the system. Moreover, the
average pressure per grain fulfills an equipartition theorem
〈p〉 = k′α−1 in all cases (in close parallelism with the one
for an ideal gas). These results suggest the existence of k′
independent random variables (i.e. elementary forces) with
identical exponential distributions as the basic elements for
describing the force network ensemble at low angoricities un-
der isotropic compression, in analogy with the volume ensem-
ble of granular materials.
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1 Introduction
Granular media, like sand, rice, coffee grains, soils and pow-
ders, are relevant in everyday’s life and of paramount im-
portance on industrial applications. However, there is still no
general theoretical description for them. Most of our knowl-
edge is ciphered in empirical constitutive equations relating
the stresses, the strains and the energies inside the material
[6] through many parameters whose microscopic origins are
not always clear. But still there is a beacon of hope in statisti-
cal mechanics. Granular media are systems of many particles
with a relevant interest in macroscopic quantities like vol-
ume fractions, strains and external stresses; so, they would
be perfect candidates for a statistical mechanics analysis [10,
4]. The task, nevertheless, is not easy, because granular media
are dissipative systems. One major statistical mechanics ap-
proach is the force network ensemble [9,17,8], which considers
all possible configurations on a fixed contact network among
grains that fulfill the requirements of mechanical equilibrium
in agreement with some imposed external stress. Many con-
figurations are possible, because the number of variables (con-
tact forces) usually is greater than the constraints (equations
of mechanical equilibrium per grain and values of external
stress), in what is called hyperstaticity. A force entropy is de-
fined by counting all possible force networks compatible with
the external stress, and a temperature-like quantity, the an-
goricity is defined to relate that entropy with that external
stress [7]. For the case of isotropic compression, this external
stress is characterized by a single parameter, the pressure p,
and the angoricity is a scalar variable, α−1.
There are many theoretical, computational and experi-
mental works on the force network ensemble. For instance, F.
Radjai and coworkers [14] found by contact dynamics simula-
tions that forces below the mean distribute like a power law,
and forces above, like an exponential decay. Also, Metzger
and Donahue [11] suggested that forces follow a Bose-Einstein
distribution. Later on, Thige, Snoejder, Vlugh and coworkers
derive from dimensional considerations an equipartition rela-
tion for frictionless grains, which describes the expected value
of the pressure as a function of the excess correlation num-
ber and the angoricity [17]. By using a clever Monte Carlo
algorithm (the wheel moves) to sample a 2D triangular ar-
ray of monodisperse disks under isotropic compression [15],
they found that the correlation length in such a system is
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of the order of a single diameter [8], and that correlations
among grains can be neglected in many cases [17]. This ex-
citing result suggests that the main behavior of the entire
system could be understood from the behavior of the forces
on a single grain. Indeed, the granocentric model proposed by
Maxime Clusel and co-workers [2,3,13] manages to capture
the essential properties of the dense granular material, such
as the global density, from the statistics of the available space
and the ratio of contacts to neighbors around a single grain,
obtained from experimental measurements.
The present work develops a Monte Carlo procedure to
sample the force network ensemble on a single grain, which
is assumed to be part of a mono disperse granular system,
both in 2D and 3D, with either frictionless or frictional in-
teractions, and uses this method to investigate the ensemble.
The method does not fix a pressure on the grain, but an an-
goricity (canonical ensemble), and only accepts mechanically
stable configurations obeying steric exclusions and using non-
cohesive normal forces and frictional forces (if any) below the
Coulomb threshold. In all cases studied, the pressure follows a
gamma distribution and the angoricity and pressure per grain
fulfill an equipartition relation that, when extrapolated, re-
produces the functional relation found by Thige and Vlugh
for the whole system [17]. This would validate the hypothesis
that, under certain conditions, the statistics of forces on each
grain can be considered as independent and shows that steric
exclusions and force constraints do not have a measurable
effect on these results.
2 The force network ensemble
Following Thige and Vlugh [17], let us consider a granu-
lar sample of N grains in a two-dimensional box, in quasi-
mechanical equilibrium with some external stress. The state-
ments of mechanical equilibrium per grain and consistency
with an external stress σˆ are given by
∀i,
∑
j
fij = 0 ,
σˆ =
1
2V
∑
ij
fij ⊗ rij , (1)
where fij is the contact force acting on grain i by grain j,
rij is the vector from the center of grain i to the center of
grain j and V is the volume (two-dimensional volume) of the
packing. Eqs. (1) can be expressed in matrix form as
Af = 0 ,
Bf = b . (2)
Both arrays A and B are defined by the packing’s geome-
try. The vector b gathers the independent components of the
stress tensor, b = (σxx, σyy, σxy), and vector f includes all
Nc components of the interacting forces among grains (that
is, the number of variables). Besides, one says that a contact
network is isostatic if there is only one force network sat-
isfying Eq. (2), and hyper-static otherwise. Under isotropic
pressure, b(p) = (−p,−p, 0), the density of states for a fixed
value of pressure p0 can be obtained as
Ω(p) =
∫ ∏
if
dfijδ(Af)δ(Bf − b(p))Θ(fij) , (3)
where the integral runs over all contact forces. The three fac-
tors δ(Af), δ(Bf−b(p)) and Θ(fij) assure for the mechanical
constraints. The Heaviside step function Θ(fij) assures that
the contact forces are repulsive ones.
The hyperstaticity can be characterized by the mean ex-
cess coordination number,∆z := 〈z〉−〈z〉iso. For instance, let
us consider frictionless systems in 2D. In this case, the total
number of equations is 2N + 3. Thus, the system is hyper-
static when Nc > 2N+3, where 〈z〉iso = 4+
6
N
(≃ 4 for large
systems) is the coordination number of the isostatic system
(assuming no periodic boundary conditions). Since each con-
tact has a single variable shared by two grains, the number
of excess variables is just NW =
1
2
N∆z.
When ∆z > 0, any force network f satisfying Eq. (1) can
be written as [15]
f = f0 +
NW∑
k=1
wkδfk , (4)
where f0 is a particular solution to Eq. (2), δfk are base
vectors spanning the null space of solutions and wk are the
components of f in such a base. For 2D frictionless systems,
for instance, the dimension of the space of all possible force
networks is NW =
1
2
N∆z.
The maximum entropy principle can also be used to build
up a canonical ensemble, with entropy
S[B] = −
∫
dfG(f)[ln(B(f))B(f)] , (5)
where G(f) takes values of 1 or 0 if the force network fulfills or
not the mechanical constraints. Under isotropic compression,
the external stress is characterized by a single parameter,
the external pressure p. A force with magnitude f appears
in this canonical ensemble with probability B(f) = e
−αp(f)
Z
,
with Z(α) =
∫
dfG(f)e−αp(f) =
∫
dpΩ(p)e−αp the parti-
tion function and α, a scalar Lagrange multiplier, whose in-
verse is called angoricity [9]. The average pressure can be
computed as usual,
〈p〉 = −
∂
∂α
lnZ . (6)
Because the space of force networks is a convex polytope in
Nw dimensions, with p the linear dimension of the polytope,
one can assume [17] Ω(p) ∝ pNW ; therefore, by Eq. (6),
〈p〉α ≃ NW , (7)
in the thermodynamic limit.
From a microscopic point of view, one can define a local
pressure on a single grain pi as the sum of all normal forces
acting on it. The density of states for this pressure is
Ω(pi) =
∫
dfijδ(Afj)δ(Bfj − b(pi))Θ(fij), (8)
where δ(Afj), δ(Bf − b(pi)) and Θ(fij) assure for mechan-
ical equilibrium, external stress and normal repulsive forces,
as before. For a single grain with frictionless contacts in d di-
mensions, for instance, f is a vector of z components (that is,
the number of variables is z) and the number of mechanical
constraints is d+1 (one per dimension, to assure equilibrium,
plus one to fix pi). Thus, the configuration space at fixed pres-
sure pi has Ni = zi − d − 1 dimensions [17], and one could
assume
Ω(pi) ∝ p
zi−d−1
i , (9)
which has been verified by molecular dynamics simulations
[9].Then, from the equipartition function for a single grain,
Zi(α) =
∫
∞
0
dpiΩ(pi)e
−αpi , (10)
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one obtains Eq. (6),
〈pi〉α = Ni + 1 = zi − d . (11)
Similar results follow for frictional contacts or 3D ensembles,
but with other values of Ni. These are the relations we would
like to verify by using Monte Carlo.
3 2D-Monte Carlo sampling on a single grain
3.1 2D Frictionless grains
Consider a single 2d-grain with z contacts, which is assumed
to be part of a two-dimensional mono-disperse set of friction-
less disks. The Monte Carlo sampling starts by setting the an-
gular positions θi (i = 0, 1, · · · , z − 1) for the z contacts. The
main restriction here is steric exclusion, which also limits the
coordination number z to a maximum of six. In addition, be-
cause we are just interested in hyperstatic systems, the min-
imum coordination number z is three, otherwise the system
would be completely defined by the constraint of mechan-
ical equilibrium. We consider two different possibilities for
the contacts: either at fixed positions, equally spaced across
the circle (called fixed) or randomly chosen from all possible
configurations obeying steric exclusion (that is, with angles
larger than pi/3 between consecutive contacts) and using 100
contact configurations per run. Next, we assign an initial set
{fi} of non-cohesive forces (fi > 0) for the contacts satisfy-
ing the constraints Eq. (1) of mechanical equilibrium. This
is done by choosing z − 2 contacts at random and choosing
fi = 1 for them. The normal forces for the other two contacts
are obtained from the mechanical equilibrium equations Eq.
(1),
z∑
i=1
ficos(θi) = 0 ,
z∑
i=1
fisin(θi) = 0 . (12)
The pressure on the grain is computed as p =
∑
i
fi.
Once the initial configuration is set, we start a Metropo-
lis sampling scheme at constant angoricity, as follows: A new
force configuration is generated by choosing z − 2 contacts
at random and changing the value of its normal force in a
small amount ∆fi, randomly generated on the interval [−a, a]
(a = 0.1 for our simulations). The other two normal forces
are modified to assure that mechanical equilibrium Eq. (12)
is fulfilled. Then, the restrictions of non-cohesive forces are
checked: If any new force is negative, the force configuration
is rejected and a new one is randomly generated; otherwise,
the new value of the pressure is computed. At this point,
we introduce the Metropolis acceptance rate: If the pressure
change ∆ = pnew − pold ≤ 0, the move to the new config-
uration is accepted; otherwise, it is accepted only if a ran-
dom number r ∈ [0, 1] is less or equal than e(−α∆p). This
process is repeated as many times as necessary to reach equi-
librium, i.e. when the pressure starts to fluctuate around a
mean value. Typical equilibrium times are around 106 time
steps for α−1 = 1/6, and lower for higher angoricities. Sam-
pling starts after two equilibrium times. Once equilibrium is
reached, the time correlation function for the pressure was
computed and the correlation time, tcorr, measured. Typical
Fig. 1 Probability distribution of the pressure on a single
grain in a monodisperse frictionless 2D-system with angoric-
ity α−1 = 0.025 for both contacts at random (filled squares)
or fixed (empty circles) positions. Solid lines are Gamma func-
tions with shape parameters k form Eq. (14). (inset) Excess
in shape parameter, k − k′ as a function of the inverse an-
goricity α, with k′ = z − 2 the number of degrees of freedom
in the system, for both random (solid lines) and fixed (dashed
lines) contact positions.
Fig. 2 Average pressure 〈p〉 times the inverse angoricity (α)
as a function of the coordination number z for a grain in a
monodisperse frictionless granular 2D-system for both fixed
(empty circles) and random (filled squares) contact positions.
Here, m is the fitted slope.
correlation times were around 104 for α−1 = 1/6 and smaller
for higher angoricities. Samples are taken every 2tcorr .
Fig. 1 shows the pressure distribution for different values
of angoricity and contact numbers (with both fixed and ran-
dom contact positions). All curves are well fitted by Gamma
distributions,
Φ(p) =
1
Γ (k)vk
pk−1e−
p
ν , (13)
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where k, known as the shape parameter, and ν, known as the
scale parameter, are estimated from the average pressure 〈p〉
and the variance σ2p in the histogram as
k =
〈p〉2
σ2p
, ν =
σ2p
〈p〉
. (14)
By plotting k against α (Fig. 1, inset) we found that the
parameter k reaches a maximum for low α and starts to de-
cay. For low angoricities (large α values) k → k′ = z − 2,
which is the number of degrees of freedom in this one-grain
system. From this result and Eq. (13), we conclude that the
the pressure on a single frictionless grain distributes like
Φ(p) ∝ pk
′
−1 = pz−2−1 . (15)
This is the same relation Eq. (9) found by Tighe B P, Vlugt
T. in [17] for a bidimensional force packing.
Plotting 〈p〉α against z (Fig. 2) shows a linear relation-
ship between these two quantities for all values of angoricity,
〈p〉 = (z − 2)α−1 , (16)
and the relation is even better for low angoricities. Equation
(16) is a clear representation of an equipartition theorem, in
perfect parallel with the equipartition relation for an ideal
gas, where the average pressure plays the role of the energy,
and the angoricity, the one of temperature. This result can
be extrapolated to the whole packing if one takes the number
of degrees of freedom as the dimensionality of the space of
hyperstatic solutions, 1
2
N(z−2), recovering the equipartition
relation Eq. (11) proposed by Thighe and Vlugh.
3.2 2D Grains with static friction
Fig. 3 Probability distribution of the pressure on a single
grain in a monodisperse 2D-system with static friction coef-
ficient µ = 0.5 and angoricity α−1 = 0.025. (inset) Excess in
shape parameter, k−k′ as a function of the inverse angoricity
α, with k′ = 2z − 3. Symbols and line styles as in Fig. 1.
To extend the previous analysis to a more realistic situ-
ation, grains with static friction, only few changes must be
introduced. First, there are now two variables per contact:
the normal f
(n)
i and tangential f
(t)
i components of the con-
tact force. Second, the conditions for mechanical equilibrium
are now three: two for the forces plus one for the torques,
z∑
i=1
f
(n)
i cos(θi)− f
(t)
i sin(θi) = 0, (17)
z∑
i=1
f
(n)
i sin(θi) + f
(t)
i cos(θi) = 0, (18)
∑
f
(t)
i = 0 . (19)
Third, there is an extra restriction: The absolute value of the
tangential force at each contact cannot surpass the Coulomb
limit, f(t) ≤ µf(n). The torque condition in the initial config-
uration is assured by starting with all f
(t)
i = 0 and solving for
two normal random forces, as before. The equilibrium condi-
tions Eq. (19) are assured at each Monte Carlo step by solving
for three random variables, instead of two. The small varia-
tions in the tangential forces are randomly generated from
the interval [−0.01, 0.01] to avoid an extreme number of re-
jections, that is ten times smaller than the one for the normal
forces. The Coulomb restriction is included when checking for
non-cohesive normal forces. Anything else is unchanged.
We see again a gamma distribution for the probability in
all cases (Fig. 3). The parameter k shows the same behavior
as before, but reaching a different value k′ = 2z − 3 for low
angoricities, that is the new number of degrees of freedom in
the system. Thus, the probability function for a grain is now
proportional to
Φ(p) ∝ pk
′
−1 = p2z−3−1 , (20)
which extends the relationship found by Tighe and Vlugt [17]
Eq. (9) to the frictional case.
Plotting the average pressure 〈p〉 times the inverse an-
goricity α against the coordination number (Fig. 4) evidences
again an equipartition equation relating these two quantities,
〈p〉 = (2z − 3)α−1 , (21)
where just the number of degrees of freedom has changed.
Furthermore, Eq. (21) shows to be the same for all simulated
friction coefficients.
4 3D-Monte Carlo sampling on a single grain
The Monte Carlo procedure on a single three-dimensional
grain runs very similar to the two-dimensional case. The first
difference is that the z contacts are chosen on the sphere,
either in regular configurations or at random positions. In
this case, once the first contact is set, the second one is ac-
cepted only if steric exclusions are respected, and so on. The
maximal coordination number imposed by steric exclusions
is z = 12; nevertheless, obtaining random configurations for
z > 9 is very unlikely; thus larger coordination numbers were
studied on regular configurations only.
4.1 3D Frictionless grains
In frictionless systems there is one variable per contact, and
the constraints for mechanical equilibrium are now three,
z∑
i=1
f
(n)
iβ
= 0 , β = x, y, z , (22)
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Fig. 4 Average pressure 〈p〉 times the inverse angoricity α
as a function of the coordination number z for a grain in a
mono disperse 2D granular system with friction and angoric-
ity equals to 0.02. Contact positions are chosen randomly for
z = 3, 4, 5 and fixed for z = 6. The figure shows results for
static friction coefficients µ = 0.3 (squares), µ = 0.5 (dia-
monds) and µ = 0.8 (triangles).
where f
(n)
iβ
is the β-th component of the normal force f
(n)
i .
Thus, the isostatic limit would be ziso = 3. Nevertheless, such
a configuration is only possible for a single unstable config-
uration: a planar symmetrical array of three spheres. Sta-
ble configurations are reached only for coordination numbers
z ≥ ziso = 4. The Monte Carlo procedure starts by fixing
contact positions, either regular or at random. For the initial
configuration, z−3 normal forces are chosen randomly and set
to f(n) = 1, whereas the other three are computed from Eq.
(22). If all computed forces are repulsive, the configuration is
accepted, the new pressure is computed and the Metropolis
step is completed as before.
Fig. 5 Probability distribution of the pressure on a single
grain in a monodisperse frictionless 3D-system with angoric-
ity α−1 = 0.015 at random (circles) positions. Solid lines are
Gamma functions with shape parameters k. (inset) Excess in
shape parameter, k−k′ as a function of the inverse angoricity
α, with k′ = z − 3 the number of degrees of freedom in the
system at random contact positions.
Fig. 6 Average pressure 〈p〉 times the inverse angoricity (α)
as a function of the coordination number z for a grain in a
monodisperse frictionless granular 3D-system for both fixed
(empty circles) and random (filled squares) contact positions.
Here, m is the fitted slope.
The pressure shows again gamma distributions (Fig. 5).
At low angoricities, the parameter k reaches a new value,
k = 2z − 3, that is the number of degrees of freedom in the
system. Thus Eq. (13), the probability function for a grain is
now proportional to
Φ(p) ∝ pz−3−1 , (23)
and, therefore Eq. (6), the system fulfils an equipartition re-
lationship
〈p〉 = (z − 3)α−1 . (24)
This is exactly what is observed in our numerical simulations
(Fig. 6).
Fig. 7 Probability distribution of the pressure on a single
grain in a monodisperse 3D-system with static friction coeffi-
cient µ = 0.5 and angoricity α−1 = 0.05 for contacts at ran-
dom positions. Solid lines are Gamma functions with shape
parameters k.
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4.2 3D Grains with static friction
Introducing friction requires few changes. There are now three
variables per contact i: the magnitude of the normal force
f
(n)
i and the two components of the tangential force f
(t)
i .
The conditions for mechanical equilibrium are now six: three
for the forces plus three for the torques:
z∑
i=1
f
(n)
iβ
+ f
(t)
iβ
= 0 , β = x, y, z (25)
z∑
i=1
(
ri × f
(t)
i
)
β
= 0 , β = x, y, z , (26)
where β indexes the three components of each vector and ri
goes from the centre of the grain to the i-th contact point. The
initial condition is chosen the same as in the 3D frictionless
case (i.e. initial tangential contact forces are set to zero). Also,
new configurations are only accepted if both all normal forces
are repulsive ones and the absolute value of the tangential
force at each contact does not surpass the Coulomb limit,
f
(t)
i ≤ µf
(n)
i . Except by these small changes, each Monte
Carlo step is completed as before.
Fig. 8 Average pressure 〈p〉 times the inverse angoric-
ity α against the coordination number z for a grain in a
monodisperse 3D granular system with friction. In all cases,
α−1 = 0.05. Contact positions are chosen randomly for
z = 4, 5, 6, 7, 8 and fixed for z = 9, 10, 11, 12. The figure shows
results for three static friction coefficients µ = 0.3 (squares),
µ = 0.5 (diamonds) and µ = 0.8 (triangles)).
The pressure histogram shows again a gamma distribu-
tion (Fig. 7). At low angoricities (high values of α) the pa-
rameter k goes to k ≃ k′ = 3z − 6, i.e. the new number
of degrees of freedom in the system. Thus, the probability
function for a grain is proportional to
Φ(p) ∝ p3z−6−1 , (27)
and the system fulfills an equipartition relationship
〈p〉 = (3z − 6)α−1 , (28)
almost the same for different friction coefficients (Fig. 8).
Fig. 9 Fundamental Forces: Probability distribution for the
k′ = z − 2 fundamental forces f ′ proposed for the two-
dimensional frictionless case Eq. (31). Distributions are shown
for several values of the inverse angoricity α (colors) and coor-
dination numbers between z = 3 and z = 6 (shapes). The hor-
izontal axis is scaled by α. The solid red line corresponds to
the exponential distribution Eq. (29). (inset) Contact forces:
Probability distribution for the original contact forces f , used
to derive the fundamental forces. The solid black lines corre-
spond to gamma distributions with shape parameter k ≃ k′,
as expected for low angoricities.
5 Discussion and Conclusions
We developed a Monte Carlo method to sample the ensemble
of force configurations on a single grain, both with or without
friction. The grain is assumed to be part of a monodisperse
granular medium, either in two or three dimensions, under
isotropic compression. The contacts on the grains are chosen
either at random or in a regular configuration, always re-
specting steric exclusions. The set of mechanical stable force
configurations is sampled by a Metropolis Monte Carlo algo-
rithm at constant angoricity. New configurations are accepted
only if all normal forces are repulsive and all tangent forces
are below the Coulomb’s static frictional limit.
Our results show, first, that the pressure on the single
grain (that is, the sum of all normal forces) follows a gamma
distribution Φ(p) in all cases. This coincides with the pro-
posal of T. Aste an T. Di Matteo [1] for the distribution of
Vorono¨ı cells in a granular media in the frame of Edward’s
statistical mechanics of volumes [1], which has also been con-
firm for grains under isotropic compression by Oquendo and
co-workers [12]. Actually, the procedure we used to find k
and ν are the same employed there. The insets in Fig. 1,
3, 5 and 7 show that, in all cases, the scale parameter k
in the gamma distribution is very similar to the number of
degrees of freedom k′ for the forces on the grain and, that
k → k′ in the limit for low angoricities (high values of α).
This result could be observed as a natural consequence of the
sampling Metropolis Monte Carlo procedure, which moves k′
variables and accepts or rejects new configurations to fulfill a
detailed-balance among individual configurations with expo-
nential probability distributions. Nevertheless, the point here
is that this result is not altered neither by steric exclusions
nor by the restrictions on the forces (non-cohesive forces and
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Table 1 Product between the scale parameter ν of the
gamma distribution of pressures per grain Eq. (14) and the
inverse angoricity α for all studied cases, να−1, both in two
(a) and three (b) dimensions. The magnitudes between square
brackets correspond to frictional cases (µ = 0.5), and those
without brackets, to the frictionless ones. The results support
that ν = α−1.
a)
α
5.0 10.0 20.0 50.0
Z
3 1.04 [1.02] 1.01 [1.00] 0.98 [0.99] 0.97 [0.98]
4 1.04 [1.04] 1.04 [0.99] 0.99 [0.98] 0.96 [0.97]
5 1.02 [1.04] 1.05 [1.00] 1.00 [0.99] 0.96 [0.96]
6 1.04 [1.05] 1.05 [1.00] 1.00 [0.99] 0.95 [0.96]
b)
α
5.0 10.0 20.0 50.0
Z
4 1.02 [0.92] 0.93 [0.94] 0.92 [0.95] 0.96 [0.97]
5 1.08 [0.92] 0.99 [0.94] 0.91 [0.97] 0.93 [0.98]
6 1.08 [0.92] 1.02 [0.93] 0.93 [0.97] 0.93 [0.99]
7 1.09 [0.92] 1.02 [0.93] 0.92 [0.96] 0.92 [0.99]
8 1.10 [0.93] 1.05 [0.93] 0.93 [0.97] 0.92 [0.99]
9 1.09 [0.93] 1.06 [0.93] 0.94 [0.96] 0.91 [0.97]
10 1.09 [0.89] 1.07 [0.89] 0.95 [0.94] 0.93 [0.95]
11 1.09 [0.90] 1.07 [0.90] 0.96 [0.94] 0.94 [0.95]
12 1.09 [0.91] 1.08 [0.91] 0.97 [0.95] 1.04 [-]
Coulomb’s static limit for the tangential forces). Moreover,
the gamma distribution we postulate here for the force net-
work ensemble is compatible with all previous descriptions
[17,16]. Second, we also found in all cases (Fig. 2, 4, 6 and
8) that the average pressure fulfills an equipartition-like rela-
tion 〈p〉 = k′α−1. These two results are valid for all systems
studied, either with or without friction and both in two or
three dimensions. These findings confirm for a single grain the
proposal by Tighe and Vlugt [17] for the whole system, pos-
tulating an equipartition-like relation and that Φ(p) ∝ pk
′
−1,
with k′ the number of degrees of freedom in the system.
Actually, this two results combine to give interesting con-
sequences. First, because in a gamma distribution the shape
and scale parameters are related by 〈p〉 = kv Eq. (14), it im-
plies that scale parameter and angoricity are equal, v = α−1.
Table 1 shows that this relation is fulfilled in all studied cases,
both in 2D and 3D. This result suggest a novel method to
measure the angoricity in monodisperse granular media un-
der isotropic compression, just by looking at the scale param-
eter of the distribution of pressures per grain in the ensemble
Eq. (14), resembling the propose by T. Aste and T. Di Matteo
for computing the compressibility of Edward’s volume ensem-
ble for granular media from the distribution of volumes for
Vorono¨ı or Delaunay cells [1] mentioned before.
It is well known [5] that the sum of k independent random
variables with the same exponential distribution
P (f ′) = α−1 exp(−αf ′) (29)
shows itself a Gamma distribution Eq. (13). That suggest
that the pressure on a single grain could be considered as the
sum of k′ independent random variables, one for each degree
of freedom, with distribution Eq. (29). Let us consider the 2D
frictionless case, where all contact forces fi are normal. With
z contacts we would expect z − 2 independent random vari-
ables with the same exponential distribution. If two contacts
a and b are fixed at random, the z′ = z − 2 variables
f ′i = fi
[
1 +
sin(θi − θb)− sin(θi − θa)
sin(θb − θa)
]
, (30)
i 6= a, b
are the degrees of freedom of the system. We found that, when
positive, those variables follow exactly the exponential distri-
bution Eq. (29) (Fig. 9). In contrast, the z contact forces fi
theirselves show, for low angoricities, a Gamma distribution
with shape parameter k ≃ k′ (Fig. 9, inset), as the pressure
per grain does (Fig. 1) and, Gamma distributions grow as
power laws and decay as exponentials, in agreement with pre-
vious results [14,11]. So, the variables f ′i would act as funda-
mental forces, similar to the fundamental volumes proposed
by Aste and Di Matteo for the volume ensemble in granular
media [1]. If it were the general case, the force network en-
semble in the limit of low angoricities would be considered as
a set of z′ = N(z − ziso) independent random variables with
distribution Eq. (29) and, all results by Tighe and Vlugt [17]
mentioned before could be derived. Moreover, by assuming
that the magnitude of such elementary forces would be the
only relevant variables in the system (as a first approximation
for a monodisperse granular system under isotropic compres-
sion), the entropy for the force network ensemble would be
S(α) = −z′
∫
∞
p=0
P (f ′) ln [P (f ′)/P0] df
′
= f [1− ln(αP0)] , (31)
with p0 a reference pressure. If this were the general case
would be an interesting topic for future research.
This work shows that the probability distribution and
the equipartition relation proposed by Thige and Voigt for
the pressure per grain [17] can be obtained by extending the
same assumptions to the force network ensemble on a single
grain, and gives a further ground for that assumptions. Fur-
thermore, our results suggest that, at low angoricities, not
only grains can be considered independent form each other
but, even more, that more elementary independent variables
could exist, all with the same basic exponential distribution.
These results constitute a further step in the understanding
of the force network ensemble for granular media.
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